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Table 1
Lifh 3/5° m GG
h = const 1 0.666{ 1 — 0.7 2 1.24
q = const h = const 1 |08 [0.89| 1 |0861] 3 |1.4
o _ax h = const 1 0.8 — — 0.79 1 1.19
g=qe¢ h = const 1 ]0.89 | 1.3 — | 0.7 2 {1.37
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In the present paper we analyze the fundamental static and dynamic boundary
value problems of the theory of elasticity, for the case of random loads, We in-
troduce and study various generalized solutions of these problems. The solutions
either appear as generalized random functions (random distributions), or belong
to the spaces of summable random functions analogous to the Sobolev spaces.
These spaces were introduced in [1], and we make use of the imbedding theorem
for the random functions proved in that paper to establish the conditions under
which the classical solution exists.
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1, Certain classes of random functions and distributions, LetQ
be a region in R™ and B be a space of complex random quantities with a finite second
moment and Hilbertian with respect to the scalar product (£, 1) = MEt¥. The random se-
cond order functions defined in Q can be regarded as functions with values in &, The
spaces C™ (Q, H) and Cy™(Q, H) consist of H~valued functions with derivatives in Q
of up to the m~th order, strongly defined {with respect to the norm of #, i.e, in the
RMS sense) and continuous in the same sense, The spaces are analogous to the spaces
C™ () and Co™ (Q). The space Lp (Q, H) (p > 1) is formed by the random functions
u (z) which are strongly measurable with respect to the norm of H and such, that the
function # — | u (z) | belongs to Lp (Q).

If the region Q is bounded, then the functions belonging to L, (Q, H) are Bochner-
integrable in Q. The mapping

@ﬂg w(@) @ (@)dz. ¢ D(Q)
Q

belongs to {D (2), H}, i.e, it represents a linear, continuous mapping of the basic
Schwartz functions D (Q) on H. Such mappings are called the second order random
distributions. Operations which can be performed on these distributions are described in
{1— 3]. For functions belonging to Ly (2, H) we can consider derivatives of any order
in the sense of {D (Q), #}. In [1] the author introduces the spaces Wyl (Q, H) of ran-
dom functions belonging to £, (Q, H) the derivatives of which also belong, in the same
sense, to Lp (Q, H) up to the Z-th order. The spaces W' (R, H) are Banach spaces with

respect to the norm [S 2 1D% () [ dx]llp
Q ot
They are analogs of the Sobolev spaces W,! (Q) and have the same properties. In parti-
cular [1], when > n/ 2 4 o,the space Wil (@, H) is continuously imbedded in cl°H(Q,
II). The manifold Co™ (Q, H) is dense in Ly (Q, H), but the closure Wy (Q, H) of the
manifold o™ (R, H)on the norm of Wot (R, H) is a characteristic subspace of W:! (Q,
0.
The criterion of the random function u (2) belonging to the spaces L, (Q, H) and
w2l (Q, H) can be formulated in terms of its covariational function

Kz, y) = Mu(z) u(y)

A random function u, () equivalent to u (z) and belonging to L, (Q, H) will exist if
and only if K (z, z) is integrable in Q. If the generalized derivatives

DADSK (o ) lyee (Gl <D

are also integrable, then u, (z) belongs to Wy (, H).

Below we shall find it necessary to use the spaces of random vector functions and dis-
tributions w == (u;, 43, . . .u,) which can be obtained by replacing H by H™ We shall
denote the norms of the spaces L, (Q, A7) and Wh(Q, #™) by |-l and | - [;, andthe
scalar products by (-, +)};and (-, -};.

2, Static problems with homogeneous boundary conditions, The
boundary value problers of the theory of elasticity are associated with the following
differential expressions:
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n

n
- i {1 4 0u du
Au = {_ 2 5, (’kzaagap)} v Bp Ty ( . )

k,a, B=1 =1 dxg 02,

Let us consider e, g, the first boundary value problem in a bounded region ¢ with a
piecewise smooth boundary 9Q Au=f (zEQ),u—0(ze Q) 2.1
If Cyiap 3¢ determinate and f = f (z) is a given random function of second order, then
the generalized solution of the problem (2, 1) can be introduced in analogy with the de-
terminate case using the energy method [4]. Let us consider the operator A,: L, (2,
H™) — L, (Q, H™) acting according to the formula A, u=Au , with ¢,™ (Q, H") serving
as its domain of definition, Since Cv*(Q, #") is dense in L, (Q, I/™) and, as we can
easily verify, (du, v), = (4, Av), for all u,v & C®(Q, H), it follows that the opera-
tor A,is symmetric and it can be shown that it is positive-definite, Therefore there
exists according to Friedrichs a selfconjugate expansion A of operator A,. The equa-
tion Au = { is single-valued and has a correct solution for all f & L, (Q, #"). This
solution represents a generalized solution of the stochastic problem (2, 1),

The energy space of the operator A, coincides with W, (Q, H™) and the energynorm
is equivalent to the norm of the space W2' (R, H™). The energy norm is generated by

the scalar product 1
[u, v]=(Au, v)o =2M S Wiz, W =5 crapts €ap (2.2
Q

The generalized solution u causes the functional of mathematical expectation
F (v) = 1/2 (AV, V)() - (V, f)() (2- 3)

to assume its minimum value, Similarly to the determinate case, the generalized solu-
tion of the stochastic boundary value problem (2, 1) can be obtained using various pro-
jection, variational and variational-difference methods, The properties of the operator

A make it possible to obtain, for the stochastic systems, analogous results on convergence
in terms of the probability norms | - [, | - [, and [(Au, w)]*

The generalized solution introduced above can also be investigated in the case when
¢kiap are random functions, The previous results are all retained provided that c .
belong to the space of random functions measurable and bounded in the measure equal
to the product of the probability measure and the Lebesgue measure in Q. Other types
of the boundary conditions can also be investigated.

3, Cauchy problem with random data, Let u, u, &{D (R"), A"}, { (g,
) &€ {D (R™), H"}, with f = 0 when #< 0. Under the Cauchy problem with random
data we understand the problem of determining the random distribution u & {D(R"*Y),
H™} which satisfies the equation

u t du=Hh=Ff-+4u X (&) 4w xd() 3.

and the condition that u = 0 when ¢ < 0.

Let E (z, t) be the fundamental matrix of dynamic equations of the theory of elas-
ticity., The solution of the Cauchy problem formulated above is unique, and can be writ-
ten in the form of convolution

u=Exf,=Exf+[E s, X0 + E *(u; X9) (3.2)
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The proof of existence of the convolution E * £, of the generalized function £ &

D’ (r**Y} with the random distribution f, can be carried out in the manner similar to
the proof in [5] for the wave equation and nonrandom functions,

The formula (3,2) makes possible the determination of the probability characteris-
tics of the solution. Lete.g, wu,, u; and f be independent and have characteristic func-
tionals @,, @, and ®,. Then the characteristic functional of the solution will be given
by Dy (@) = O () Dy [95 (2, 0)] Dy [95 (z, 0)], 9 = E~ +q, 9E[D (R™)]n (3.3)
where ~ denotes inversion,

The solution (3. 2) represents a random distribution, It will be interesting to find out
the conditions under which this distribution is generated by a random function of various
classes, We have the following theorems:

Theorem 1. If fe& C{l0, T], Wt (Q, HM}, up € Walt1 (Q, H™) and uw; € W} (Q,
H™) for every 7 > 0 and the regions Q  R™, then the solution of the Cauchy prob-
lem is a random function u (z, t) belonging to wel (R, H") forall 0 < t< T . More~
over, u & Wal-1(Q, H™) and the solution ¢ — {u, u'} can be interpreted as being a
continuous curve in the space Wyl (Q, H") X W,l-1(Q, H™).

Theorem 2, If under the conditions of Theorem 1 ¢ > (rn - 1) / 2 4 2, then the
solution of the Cauchy problem becomes the classical solution, i. €. it represents a ran-
dom function of the class ¢z (¢t >0, ™) N C* (¢t > 0, H™).

The proof of Theorem 1 can be carried o't according to the classical scheme [6]
which involves regularizing the random distributions and making a priori estimates
in terms of the norms | - ;. The proof of Theorem 2 follows from the imbedding theo-
rem for random functions, The conditions of Theorem 2 can be weakened by introducing
e.g. aspace Wl (Q, H™) with fractional I

4, Mixed boundary value problem, Let us consider the boundary value

problem uw A+ Adu=1f (5,)EQ XR, (4.1

u=10, (z,) =2 XR,
u (Iv 0) = Uy (l‘), u’ (11 0) = ul (I)

where u,, w, and f are given random functions, Depending on the conditions imposed
on their covariant matrices, we have either the classical solution, or various generalized
solutions of the stochastic problem (4. 1).

Theorem 3, Let the derivatives Dx“D,,“ of the covariant functions of the com-
ponents of u, (z) and u; (z) be integrable in Q ,wheny = z,forall 0 < |a | <<+ 1
and 0 < |a| <!, respectively, and let the analogous derivatives (0 < |a | << 1) of
covariant functions Ky (z, t; y, T) of the components of 7, be integrable in Q with re~
spect to z for y =21z, 71= ¢ and all > 0. Let the condition of continuity in the large
also hold lim K Z Dxaj)yalK/S(z, Ly, t)—}—K,s (.7 y.1)— 2Kl-° (=, t; v, T)]yzx dr =0

T—af -
2 o<lal<t

Then a unique generalized solution of class € {[0,ec), W,! (Q, H™)} exists, If in addition
I>5(n=3) or Il>4(n= 2),then a classical solution exists,

Solution of the stochastic problem (4. 1) of class € {[0, o), W3l (2, H™)} and the proof
of Theorem 3 are analogous to those given in [6] for a determinate mixed boundary value
problem for the second order hyperbolic equation, Using the methods given in [7], we
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can obtain less strict conditions of existence of the generalized solution of class ¢ {(o,
o0), Wil (Q, H™).

Theorem 4, If u, © W2 (Q, A%, u, & L, (Q, H" and f & L, [ X (0, ), H"],
then there exists a unique generalized solution of the stochastic problem (4. 1) of class
C {[0, T], W= (Q, H™)}. Moreover, u" < C {[0, T|, L, (&, H™}. The dependence of
{u,u’} on {f, uy, u} is continuous just as the mapping of the space L,(Q x (0, T),
H"™] X wole (Q, H™) X L, (Q, ™) onto the space C {|0, T], W22 (Q, H™) X L, (2, H™)}.

The results obtained remain valid if ¢, , are random functions belonging to the

space L_ ,and they also hold for a number of the boundary value problems of the theory
of plates and shelis,
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